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■ Abstract 

We prove the existence and the uniqueness of strong solutions for the viscous Hamilton- 

. Jacobi equation: ut — Am — a|Vu|P, t > 0, x G n with Neumann boundary condition, and 

^ ' initial data /xq, a continuous function. The domain is a bounded and convex open set 

0^ . with smooth boundary, a G R, a ^ and p > 0. Then, we study the large time behavior of 

' the solution and we show that for p e (0, 1), the extinction in finite time of the gradient of 

. the solution occurs, while forp > 1 the solution converges uniformly to a constant, as i — > oo. 
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^ ■ 1 Introduction and main results 



Consider the following initial boundary value problem: 
' du 

J — Au = a\Vu\^ in (0, +oo)xr2, 



^(t,x) = on (0,+oo)x(9O, ^^'^^ 

u{0, x) = fio{x) in Q, 

where aSM, a^^O, p>0 and Q C is a bounded open set with smooth boundary 
of class. 
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The Cauchy problem in the whole space has been intensively studied (see |21 
m El El El El US] ) ■ As well, in bounded domains 17 C M^, existence and uniqueness 
results of the solutions for the Cauchy-Dirichlet problem have been obtained in 
1^ ini 1121 124j . In particular the large time behavior of the solution to the Cauchy 
problem has been analysed in |3 |H], as a < and for initial data /Uq a positive 
function. Thus, in jS], we can find the following result: if a < 0, p € (0, 1) and the 
initial data /io is a periodic function, the extinction in finite time of the solution of 
problem occurs. Since, any positive solution of the Cauchy problem is a super- 
solution of the homogeneous Cauchy-Dirichlet problem, the result of [HI, remain 
valid also in bounded domains for the Cauchy-Dirichlet problem. 

With respect to the Cauchy-Neumann we mention the results given in re- 
garding the existence, uniqueness and regularity of weak solutions, for p € (0,2), 
a € M, a 7^ and initial data fiQ a bounded Radon measure or a measurable function 
in L^{Q), q > 1. To our knowledge the problem has not been investigated for 
the super-quadratic case, p > 2. 

In this paper we consider the problem 1)1.11) when O is a bounded and convex open 
set, and we give some existence and uniqueness results of the solutions when the 
initial data is a continuous function in 0,. Then we study the large time behavior 
of the solutions according to the exponent p. The results rely on some remarkable 
estimates for the gradient of the solutions of problem (jl.lj) . obtained by using a 
Bernstein technique. These estimates, given in Theorem 11.21 are used as the key 
argument in the proof of the extinction result in Theorem 11.31 More exactly we 
show that: if p G (0, 1) then, for any solution u of problem ()1.1() with initial data in 
C{Tl) there exists T* > and c G M such that: 

u{t, x) = c, for all t > T* and x G 57. 

This property is called: "the extinction of the gradient of the solution u in finite 
time". Also, in Theorem 11.31 we prove that, for p > 1 any solution of problem ()1.1|) 
converges uniformly to a constant, as t ^ oo. 

The notations used are mostly standard for the parabolic equations theory: 
For ah < r < r < oo we denote by Qt = (0, T) x J7 , Ft = (0, T) x d^l , 
Qt,t = (t, r) X and T^-^t = ijiT) x (9il. C{Q) is the space of continuous 
functions on Q. Cb(0) is the space of bounded continuous functions on Q.. Cq{^) 
the space of continuous functions on O which vanish on the boundary dU,. C^(J7) 
( resp. C^{Qt)) the space of infinitely differentiable functions on (resp. Qt) 
with compact support in Q (resp. Qt)- C^'^{[0,T) x Q) is the space of continuous 
functions n on [0, T) x Q which are differentiable with respect to x € and the 
derivatives {■§^)i<i<N are in C{[0,T) x Q). C^''^{Qt) is the space of continuous 
functions u on Qt such that the derivatives: {-§^)i<i<N, { qx^x )i<'.i<^' exist 
and belong to C{Qt)- Suppose that a is a positive real number and [q] the integer 
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part of a such that [a] < a then: C"^(i7) and C"^/^'"((5) denote the usual Holder 
spaces on the bounded open sets Q C and Q C M^^-*^ respectively (for the 
definitions see jSl HOI ) • 

We denote by A^b(O) the space of bounded Radon measures on endowed with the 
usual norm || For g > 1, |j \\g is the usual norm of the Lebesgue space L'^{Q). 

are the usual Sobolev spaces in 17 respectively 

Qt (for the definitions see |2T]). 

We denote by {S{t))t>o the semigroup of contraction in L'^{^),q > 1 related to the 
heat equation with homogeneous Neumann boundary condition (see [SSI)- As we 
can see in |13| this semigroup can be extended, in a natural way, to the space of 
bounded Radon measures, A4b{Q,). 

First we recall an existence and uniqueness result for the solutions of problem 
when p G (0, 2) (for further details see [T^). 

Theorem 1.1 Let fiQ G A4h{n). Then admits a weak solution u G 

L°°{0,T;L^n))nL^{0,T;W^^^{n))nC^+^/'^^^+^(Q~^), T > 0,r € (0,T), 6 G (0,1), 
such that \Vu\P G L^{Qt), in the following cases: 

i) < p < 2/{N + 1). The solution is unique if fl is convex. 

ii) 2/{N + 1) < p < 1- The solution is unique if /Uq G L'^{Q) for some q > 
pN/ (2 — p) and a convex open set. 

Hi) 1 < p < (N + 2)/{N + 1). The solution is unique. If /ig G L'^{0,) for some 
q > 1 then u G C{[0,T]; L'i{n)) D LP{0,T;W^^P''{n)). 

iv) [N + 2)/{N + I) < p < 2, Ho e Li{Q) and q > qc = ^^^"^^ ■ There holds 
u G C{[0,T];L'i{n)) n LP{0,T;W^'P'i{n)) and the solution is unique in this 
space. 

v) {N + 2)/{N + 1) <p<2, floe L\n), fio > 0. 
Moreover, this solution satisfies U.l\) in the mild sense: 

t 

u{t) = S{t)fio + a j S{t- s)\Vu{s)\P ds, t G (0, T). 



In Theorem 11.21 below we prove the existence and the uniqueness of solutions of 
problem Hl.l|) . for p > 0, a bounded and convex open set with smooth boundary, 
and for initial data fiQ G (7(17). We give also some gradient estimates of the solution 
u of problem Hl.l|l which will be very useful in the proof of Theorem 11.31 

Let n be a function in C{Qoo)- For any t >0 denote by: 

M{t) = maxu{t,x) (1.2) 
xeQ 
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and 



m{t) = mm u{t,x), 



(1.3) 



Theorem 1.2 Consider a ^ W,a ^ 0, p > and fiQ € C{^), where Q is a bounded 
and convex open set. Then, the problem admits a unique solution: 

for any T > and r G (0,T). Moreover, we have: 

t — > M(t) is a decreasing function in M, (1-4) 



t — > m{t) is a non- decreasing function in R, (1-5) 
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||Vn(t)||oo < (^-j {M{s)-m{s)){t-sy2 for allt> s>0, (1.6) 
and for p 1 

||Vn(t)||oo < iM{s) - m{s))^/P{t - s)-^/P for allt>s>0. (1.7) 

\ ap\l — p\ J 

For the proof we are using the Bernstein technique. This method can be found 
in [2l \12\ I17j and [22j , where formulas similar to (|1.6|) and (|1.7|) are obtained for 
the Cauchy problem in M^. This method has also been used by Ph. Benilan 
in order to obtain remarkable estimates for the solutions of "the porous medium 
equation" 

In the next result we are going to analyze the large time behavior of the solutions 
for problem (|1.1() . 

Theorem 1.3 Consider aGM, 07^0, p>0 and 0, a bounded and convex domain. 
Let fiQ € C(r2) and denote by u a solution of problem corresponding to fiQ. 

Then: 

i) If p (0, 1), the extinction of the gradient of u in finite time occurs, in other 
words: 

there exists T* € [0, +00) and c € M such that: 

u{t, x) = c for all t >T* and 2; G 17, 
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ii) If p € [1, +00), then u{t, •) converges uniformly on Q to a constant, as t ^ 00. 
Moreover the decreasing rate is given by: 

M(t)-m(t)<(^)\ Vt>0, 

where f is defined in i4-^^ ^^^^^ 7 i4-^ - 
Remark 1.4 From \4-^^ we have: 

/8/(t/2) \ ^ ^ f p = i^ 

\ J \ Cst'"^^ if p>l. 

where 7 and a are given by i4-^ ^^'^ and Ci,C2,C3 are positive constants 

which depends only on p,N,j. 

The proof of Theorem ll.3l follows the same ideas as in [Sj. In this paper, the authors 
investigate the large time behaviour for the Cauchy problem in the whole space 
and for initial data periodic functions. We mention that the key arguments of the 
proof are the relations H1.6() and <\l.7\i above. 

Remark 1.5 Theorem I is valid for any a G M, a 7^ 0, while in and 0/ the 
result is proved for a < 0. 

The next result is a simple consequence of Theorem II .11 and Theorem 1 1 . 31 ab ove . 

Corollary 1.6 Let Q be a bounded and convex domain with smooth boundary and 
letaeR,a^ 0. Then: 

i) If p & (0,1) and /xq is a bounded Radon measure, the extinction in finite time 
of the gradient of any weak solution u of problem occurs. 

ii) The weak solution n(t, •) of problem U.l\) converges uniformly in 17, to a con- 
stant c € M, as t ^ 00, in the two cases below: 

a) p € [1, and /iq is a bounded Radon measure, 

b) pe [^,2) and /io G Li{n), q > = 

This paper is organized as follows: In section 2, we give some preliminary results. In 
section 3, we introduce the technique of Bernstein to obtain some uniform estimates 
for the gradient of the solution of problem and we prove the Theorem ll.2I Finallv 
section 4 is devoted to the proof of Theorem 11.31 which concerns the large time 
behaviour of solutions. 
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2 Preliminary results 

We start with some auxiliary results. 

Lemma 2.1 Let C be a bounded domain with smooth boundary and consider 
fiQ G C(r2). Denote by m = min/io(a;) and M = max fj,o{x) . 

Then, there exists a sequence (tio)n>i C C^'^^{Q), {(3 G (0, 1)) such that: 

Uq \ fiQ as n ^ oo, (2-1) 

m + ^-r < u?? < M + ^-r, Vn > 1, (2.2) 

and 

^ = on on. (2.3) 

Proof: 

For any n G N*, denote by Vq = + then (fo)n C (7(^7). For t > let us set: 

v"{t) = s{tK- 



Then G C(goo) n C°°(g^,oo) for all r G (0, oo), and: 
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-(t, j;) = for ah {t,x) G Ft- 



Since v"' G C(Qoo), there exists t„ close enough from such that: 

\v^(tn,x)-vSix)\<^, yxGQ. (2.4) 

Denote by: 

Uq{x) = V'^{tn,x), xeO.. 

Then Uq G C°°{^}) and satisfies condition H2.3|) . Moreover, thanks to ()2.4|) we have 
on the one hand: 

«o - MO = K -v^) + {v^-fio)<,^ + ^< ^ 



2^+2 2" ~ 2'"^-'- ' 
on the other hand: 

which yields (f^ . 

To prove that (nQ)„ is a decreasing sequence, let compute: 

= {<-vl)Hvl-v-,^')+{vr'-<') > -^+^-^ = ^ > 0- 
And finally we obtain (|TT|) . □ 
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Lemma 2.2 Let QcR^ be a convex and bounded domain and q a real number such 
that q > N. From the Sobolev embedding, W^^'i{9) ^ C{Il), for all u G W'^^'i{9), 
the following quantities: 

Mu = maxu(x) and = mmu{x), 

are well defined. Moreover we have : 

Mu-mu<C\\Vu\\q, (2.5) 
where C is a positive constant depending only on q, N and 

Proof: The proof is similar to that of Lemmas 7.16 and 7.17 in |n|. Q being a 
convex set, for all x,y G we have (1 — t)x + ty £ 0, for any t £ [0,1]. Let 
u G W^'i{n), then: 

1 

nix)-uiy) = lvuiil-t)x + ty).ix-y)dt, 



which yields: 

1 

uix) - y ^(y) ^ j j ^""((1 ~ + ^y) ■ i^-y) ^y- 

Q, no 

Denote by: 

1 f 

UQ = 1^ J u{y) dy and d = diam{Q). 

Then, 

1 1 
\u{x) - unl < 1^ y J |Vn((l - t)x + ty)\dtdy ^ J J " + iy)\dydt. 

no on 

We replace (1 — t)x + ty = ( and, for any t G [0, 1], we denote by Jlf the set: 

nt = {( = {!- t)x + ty; y G 0} C Q, 

then: 



\u{x) -un\<^J J \Vu{0\t-^dtdC. 

nt 
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Using the Holder inequality for g > we get: 



d 



1 



\u{x)-un\ <-^J [J {VuiCW dC^^'^intl^-^/H-^ dt 

n 

1 





1 

d . f ._Mi„ . d ^ ^^^^^ II 







Finally, for x,y € Q we obtain: 



\u{x) - u{y)\ < \u{x) -un\ + \un- u{y)\ < ■ ^ _^^ ||Vn||g, 

and relation (|2.5() follows. Thus, the Lemma 12.21 is achieved. □ 

Lemma 2.3 Let Q C be a convex and bounded domain, then for u € (7^(17) 
du 

such that — \dQ,= 0, we have: 
ov 

8 

— iVnP < on on. 
du 

For the proof see Lemma LI, p. 350 in |22j . 

The following lemma is a comparison principle for parabolic nonlinear equations, 
which generalize the result obtained in jl^, to less regular functions. 

Lemma 2.4 Let C be a convex and bounded open set with smooth boundary 
and denote by M , the nonlinear parabolic operator, defined by: 

^f{u) = — - An - /(t, X, n, Vn) 

where f is a uniformly continuous function satisfying: 
for all r > there exists Lj. > such that: 

\f{t,x,yi,vi) - f{t,x,y2,V2)\ < Lr{\yi - y2\ + \vi - V2\), ,^ 
for all (t,x) G Qt and yi,y2 € {-r,r), vi,V2 E -Br(O), 

where: 

Brio) = {^e M^; 1^1 < r}. 



8 



Let u and u be two functions in C ' (Qt) n C ' (Qt), such that: 

' M{u^){t,x) < <Af{u'^){t,x) for all {t,x) G Qt 

^<^onTr (2.7) 
u^{0,x) < u'^{0,x) for all X eO. 

Then 

< V? on Qt- 

We begin the proof by the following useful remark: 

Remark 2.5 Let he a convex open set in with smooth boundary d^l, which 
contains the origin. For x € d^l, denote by v^x) the unit outward normal on dO, at 
the point x. Then: 

X ■ u{x) > 0. 

Proof of Lemma 12. 4t Supposing first that 17 is a convex open set which contain 
the origin and denoting by 

= max{ sup |ni(t,a;)|; sup \Vui\{t,x); sup |n2(t,a;)|; sup \Vu2\{t,x)}, 
{t,x)&QT {t,x)eQT {t,x)&QT {t,x)&QT 

then, from H2.6() . there exists Ljj > such that: 

\f{t,x,ui,Vui)-f{t,x,U2,Vu2)\ < Lr{\ui-U2\ + \Vui-Vu2\), {t,x) G Qt- (2.8) 
For any e € (0, 1) consider the function: 

z{t,x) = ui{t,x) - U2{t,x) - ee'^*(l + |xp)5, 
where C = 2Lti + A^. Then, using the regularity of ui and U2 we deduce that: 

zGC70'i(Q^)nC7^'2(Qr). 
For any t € [0, T] let us define the function: 

ip{t) = maxjsup z{t, x); 0}, 

then if E C([0, T]), and for any t G (0, T] we can define: 

^{t) - ifit - h) 



<f'{t) = limsup 
Thus, in order to prove that: 



z < in Qt, {2S 



we need to show that: 

^(t) < LRLp{t) for all t G (0,r). (2.10) 

Indeed, as <^(0) = and 93 > 0, we can apply Theorem 4.1 in ^H] to the differential 
inequality (|2.1()j) and we deduce that 99 = 0. Which implies (|2.9j) . 
Proof of (Hini): Consider t € {0,T]. 

There are two possibilities. Either ip(t) = and (|2.1()|) holds because, in this case, 
<^'{t) < 0. Or (p{t) > 0, and in particular, there exists xq (z such that: 

z{t,xo) = ip{t) > 0. 

We claim that xq ^ dQ. Indeed, if xq E dQ, on the one hand: 

dz z{t,xo + Xiy) - z{t,xo) 
■^{t,xo) = lim > 0. 

On the other hand, thanks to hypothesis H2.7() and to Remark 12.51 we have: 

dz du2 X ■ V X ■ V „ 
TT = ^ - ^ - ee^' < -ee^* < on Tt- 

So, we have a contradiction. Consequently, G ^2 is a positive maximum point for 
the function 0.3 x^ z(t,x). In particular we have: 

Vz(t,xo)=0 and Az(t,xo)<0. (2.11) 

Since, for any h > 0, z{t — h, xq) < ip{t — h), we deduce: 

— , z{t,xo) - z{t - h,xo) dz 

^'{t) < hm = -(t,xo). (2.12) 

On the other hand, thanks to 1)2. 8(1 and 1)2.11(1 . at (t, Xq), we have: 

dz , . dui , , du2 , , ^ n,. , 

— (t,xo) = -Qfit^^o) - -^{t,xo)-eCe^\l + |xoP)3 



< A(ni - U2){t, Xq) + /(t, Xo, ni, Vni) - f{t, xq, M2, Vn2) - eCe^\l + |xo 

W+{N-l)\xi 

(l + |xo|2)3/ 



<Az + ge^^ (^+l^-gfel ^ + Lr\ui - U2\ + Lr\Vui - VusI - eCe^\l + |xo| 



<ee'^'(N + LR + LRz{t,xo) - eilR + N)e^\l + \xo\^)^ 

^ (l + |xop)2^ 

< LRz{t, xo) + e(iV + LR)e^' - e{N + LR)e^*(l + |xo|')5 < LR^{t). 



(2.13) 
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Recall that C = 2Lr + N and z(t,a;o) = Lp{t). Combining (fTT^ and (fTH)) we 
deduce (irTU]) . Thus (fT^ holds. We may let e \ in (|^ and we get: 

iti < U2 in Qt- 

For the general case when do not contains the origin, it is possible to translate 
the problem on a domain which contains the origin since the first equation of ()1.1|) 
is invariant to the translation. For example we can carry the study of the problem 
on VtxQ = $7 — xo, where xq ^Vt. □ 

In the sequel we denote by G : (0, +oo) x $7 x the heat kernel for the homogeneous 
Neumann boundary value problem, then, for fix y G il, G(-, •, y) verifies: 

dG 

-Krit^^^y) = ^xG{t,x,y) in Qoo, 

Sg, 

— {t,x,y) =0 on Foo, 
ou 

G{t,x,y) Syix) weakly in 5(0). 

t — ^0 

The proof of the following property on the heat kernel can be found in |15[ I16j. 

Lemma 2.6 \1,5\. li^ Let il. be a bounded open set with smooth boundary and G the 
heat kernel for the homogeneous Neumann boundary value problem. Then for any 
I G N and a G N^, and for any T > 0, there exists two positive constants c > and 
G{T) > such that: 

\D^DlG{t,x,y)\ < C(r)r(^+^+')e-^^ (2.14) 
for all {t,x,y) G (0,r) x x Q. 

Consider, /xq G L°°{0,) and S{t)fj,o the solution of the heat equation with initial data 
fiQ and with homogeneous Neumann boundary condition. Then: 

5(t)/xo(x) = / G{t,x,y)fiQ{y)dy. 



Thanks to (|2.14j) . for any / G N and a G and for any T > we have: 

\\D^DiS{t)fxo\\oo < C{T)\\fio\\oot-^^^'\ (2.15) 
where C(T) is a positive constant. 
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3 Proof of Theorem O 



We prove the theorem for a > 0. If a < 0, then —a > and we notice that if v is 
the solution of problem (jl.ip with initial data — /xq instead of fiQ and —a instead of 
a, then u = —v is the solution of problem (jLlj) corresponding to data a and ^o- 
The proof follows five steps: 

First step: "Smoothing". 

Consider G C{Q) and denote by M(0) = max/xo(x) and m(0) = min;Uo(x). Then, 

from Lemma there exists a sequence of functions (tiQ)n>i satisfying: 

Uq \ /iQ as n ^ oo, 

^ = (3.1) 
I m{0) + i < < < M(0) + I, Vn > 1. 

As in and jTT] we need to introduce a smooth function, related to ^ — > a\^\P. So, 
for any e G (0, 1) we consider the application : —>■ M defined by: 

r a(e+ |eP)P/2 if <p< 1, 

FeiO = { a(-e + |C|2)(e + |^|2)^ if 1< p < 2, (3.2) 
I a\^\P if p > 2. 

With p > fixed, let us show that for any ^i, ^2 £ ^p(O) and e € (0, 1) we have: 

mCi) - F,(6)| < _ ^^r-{p^}, (3.3) 

where is a positive constant depending only on p and a. 

To prove H3.3|) we can distinguish among the three cases. So, using the Mean Value 
Theorem there exists A E [0, 1] such that: 
The case < p < 1: 

\Fe{^i) - Fern = a[ie + {^.{^/^ - (e + |6P)^/'] < a[{e + [61')^/' - (e + |6P)'/']^ 



|A6 + (1 - A)C: 



<ai , , I y ^ 0^1/0 1^1-61 < aid -61^ 



,(e + |A6 + (l-A)6P)i/2 
The case 1 < p < 2: 

mil) - FAM < |VF,(A6 + (1 - A)6) • (6 - 6)1 

. 2|A6 + (1 - A)6|(2£ + |(|A6 + (1 - A)6P - £)) , _ 

(^ + |A6 + (i-A)6P)^-^/2 

< 4a|A6 + (1 - X)^2r'\Ci - 61 < 4a/-i|ei - 61- 
The case p >2: 

|i".(6)-i^.(6)I < |VF,(Aei + (i-A)6)||6-6l 

< ap ■ lA^i + (1 - A)6p-^|6 - 61 < apff-^\Ci - 6|- 
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Moreover, E C°°{M^) and satisfies the following inequalities: 

(VF,)(e)-C-Fe(0 <a(p-l)|er ifO<p<l, (3.4) 

(VF,)(e) • e - F,{0 > a{p - imp if p>l. (3.5) 

Indeed, when < p < 1 we have: 

(VF,)(0 • e - i^e(0 = " (,+ |g|2)l-p/2 = " (, + |g|2)l-p/2 
«(,+ |^|2)l-W2^- (,+ |^|2) (^+1^1) 

If 1 < p < 2 then: 

>a(p-l)(e + |eP)f/2>a(p-l)|er, 
and finally, for p > 2 we have: 

(vF,)(o • e - i^e(e) = ap\e-'( ■ e - ^ler = «(p - 

For any n € N, let denote by: 

p„ = sup{|Vu^|(x)}. (3.6) 

Then, there exists 6 G (0, 1) and a function such that: 

Fn,e € C2+'^(]R^), (3.7) 

FnAO=m) if eGi?p„+i(0), (3.8) 

i^n,.(e) = l^n(l + leP) if \C\>Pn + 2, (3.9) 

|i^n,e(OI < ^n(l + |CP) for all ^ G K"^, (3.10) 

where Vn is a positive constant which depends only on /)„ and p. 
With F„ £ defined above we consider the problem: 



— - Am = Fn,s{yu) m Qt, 
n 

— = on Tt, 
ou 



(3.11) 



ti(0, •) = Uq in 0. 



Thanks to the regularity of n[J and to relations (EH, (EH), (EHl), (EH) and (HniTl) 
we can apply Theorem V.7.4 in ,2Q^ to the problem (|3.11|) . Thus, there exists 
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^n,£ ^ (ji+a/2,2+ai^Q^^^^ g (^q^-^-^^ ^j^g Unique solution of problem dXTTl- For any 
{t, x) G Qt let denote by: 



(3.12) 



Then, thanks to the regularity of Fn^e c^nd u"'^ it follows that: G C 2 '^"^"(Qt) 
and n"'^ verifies: 

( (9?y"'^ 

An"'^ = /„,e in Qt, 



dv 



on Ft, 



(3.13) 



^ n"'^(0, •) = nj} in 17. 



Applying Theorem III.12.2 in 20 , on the local regularity of solution for parabolic 
problem of (|3.13j) type, we get: 



ra,e ^ r< 2 



-,3+0 



(QT)nCi+"/2.2+"(gr). 



In the sequel, we show that, for e € (0, 1), 

|Vu"'^(t,x)| <p„, V(t,x) gQt, 



(3.14) 



where pn is given by (|3.(ij) . For this, we will use the Bernstein technique. First we 
introduce the parabolic operator C defined on C'^'^((5t) H C^'^((5r) by: 

£(?;) = — - + 6(t, x) • Vu, 

where h G [L°°((5r)]^ is given by: 

b{t,x) = -(VF„,,)(Vn"'^)(t,x) in Qt. 
Setting 1(7 = iVu'^'^p, then u; G (7°'i(Q^) n C^'2(Qt) and verifies: 



AT 



Ciw) 



-2E 



<o. 



V dxidxj 

hence, thanks to Lemma 12.31 and to relations (|3.1j) and (|3.6jl we have: 

< on Tt and wU),x) < p'i in Q. 

dv 

Then, by the Comparison Principle (Lemma 12. 4|) . we obtain: w < in Qt and 
relation (|3.14j) is proved. 
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Combining XTTT^ and (|XT1|) . we finally obtain that: u"'*^ G C^^^^'^+^^g^^ ^ 

(^i+a/2,2+a^Q^-j -g ^^iq solution of the initial boundary value problem: 

(3.15) 



( Qu 

— -Au = F,{Vu) in Qt, 
ou 

— = on Ft, 
ov 



n(0, •) = Uq in Q.. 
Moreover, we notice that, in ()3.15p . Ff, is independent of n. 

Second step: "Estimates for u"'^ ". 

For e > and n a positive entire let set: 



m„ e = m(0) + - - • T (3.16) 

n 

and 



M„,£ = M(0) + ;^ + . j^. (3,17) 

The next proposition gives some estimates of n"'^ which will allow us to pass to the 
limits in (|3.15|) . as e tends to 0: 

Proposition 3.1 For all p € (0, +00), the solution 

■""'^ e C;X'^^"(Qt) nCi+"/2'2+"(Q^) of problem JCT) satisfies: 

mn,e < u""'' < Mn,e in Qt, (3.18) 

liVn"'^(t)||oo < f -j (M„,,-m„,, + -)-t-5 /ora//t e (0,r), (3.19) 
and, if p ^ I: 

||Vn"'^(t)||oo < /' "^^^fa^} y^''(M,^^_ e (0,T). (3.20) 

\ ap|l — p| / n 

Proof: The two inequalities in H3.18() are simple consequences of Lemma 12.41 
Instead, to prove H3.19() and H3.2U() we will use the Bernstein technique and the proof 
is similar to that given in [HI, EI aiid H^l- Let denote by w the function defined on 
Qt by: 

yj=\X^L\. (3.21) 

where is a strict positive function of C^([mn,£, -/Vf„^e]) class, which will be chosen 
later according to the exponent p. 

Then, thanks to the regularity of function n"'"^ we have: 
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Moreover: 

^ = _JL_ - |v„-'P . «'(.-)^ 

1 a|Vti"'^P 

= • on Ft. 

[0(n"'^)] ai/ ^ 

Since is a positive function, this last relation and Lemma 12.31 implv: 

dw _ 

— < on Tt. 3.22 
Denote by M the semi-linear parabolic operator defined on C^'^{Qt) H C^''^{Qt) by: 
Ar(t>) = ^-Av- b{t, x)-Vv- c{t, xy - d{t, xy+P/^ 

where 

c{t,x) = e"{u''''){t,x), 

and 

=a(p-l)0'^(M"'^)(t,x)0'K'^)(t,x). (3.23) 
The function w being introduced by (|3.2H) we have: 



-Fe(Vu"'=) - a(p - l)|V'u"'^|P]|Vn'^'^|2. 



To prove ()3.19|) we will distinguish between the two cases below. 
i) The case < p < 1. We take 9 in H3.21() as follows: 

2 n 2 

where m„,e and Mn^e are defined by (|3.16j) and (|3.17jl . So 9 verifies: 

0(0 e'(0 = M„,,-e, 0"(n) = -l, 

and we deduce that: 

e'(u"'^) > 

and 

d{t,x) =a{p-l)9^{u''^'){t,x)9'{u^'^){t,x) < 0. 



(3.24) 
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Combining these last points with H3.4() and 1)3 .24^ it follows that: 

Afiw) < 0. (3.25) 
Taking into account H3.6() and ()3.13|) we have: 

So, for n a fixed entire, choose ij > such that: 

w(0) < 2pln^ < -, (3.26) 
V 

and denote by v the function defined on by: 

v{t,x) = {t + r])-^. 
Since a > and p E (0, 1) we have: 

f/{v) = -d{t, x)-{t + r,)-(i+P/2) > 0. (3.27) 
So, recalling (IrT^ . dT^ . ^2^, (ITTtIi and Lemma ESI we get: 
w{t, x) <{t + -qy^ < t'^ for all (t, x) G Qt, 
and we deduce that (|3.19|) holds for p E (0, 1]. 

a) The case p > 1. In (|3.21j) we consider the function 6 defined by: 

1 11 

2 n 2 

then 6* satisfies: 
and we deduce that: 

0'(7X"'=) < 0, 

and 

d{t,x) =a(p-l)0'^(n"'^)(i,a;)^'(u"'=)(i,x) < 0. 
Combining these last points with H3.5() and (|3.24() it follows that: 

Afiw) < 0. 

As previously, we can prove (|3.19|) for the case p > 1 by comparing w and v. 
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To prove (|3.2U|) we will distinguish among three cases: 
i) The case < p < 1. In (|3.21|) . we consider the following function: 

^(0 = ^f^''{Mn,e - mn,e + " " "In.e + -), ^ S [m„,„ M„,,]. 

ap[l — p) n ' n 



Thus 



2/p 



9\0 > and 9"{C) = 0, ^ e [m„,„M„,,]. (3.28) 



anp{l — p) 

w being given by (|3.2H1 . thanks to relations (|3.4j) and (|3.24|) we obtain: 

M{w) < 

Taking into account (|3.11|) and (|3.28|) . we can choose rj > such that: 

n\2 



w{0) 



anp{l — p)] ^''^ ^ 1 



rj 



2/p' 



where p„ is given by (|3.6j) . 

Let f be a function defined on Qt by: 

Vit,x) = (t + 7?)-2/P. 

With d given by (|3.23|) . and 9 being chosen as above we have: 

— 

2 / Mn,e - mn,e + ^ \ ' 



d{t, x) 



< 



p+2 



p y u- mn,£ + - 

And we deduce that: 

J^{v) = {-d - 2/p){t + 7])-'^ > 
Combining relations ^n^ . ^TT^ . ^T^ . ^rm . and Lemma Owe get: 

w{t, x) <{t + < for all t > 0, 
and we deduce (|3.2()j) . for < p < 1. 

a) The case 1 < p < 2. In 1)3.21^ . we choose the following function 9: 



(3.29) 



(3.30) 



(3.31) 



0(0 = 

Thus: 



apip - 1) 



2/p I 2-p 1 

{Mn,e - mn,e + -) " (M„,^ -?+-), ? G [mn,e, Mn,e] 

n n 



.anpip — 1) 



2/p 



9'{0 < and 9"iO = 0, U [m„,„M„,,]. (3.32) 
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and we get H3.2U() as previously. 

in) The case p > 2. This time we prove ()3.2U() in the two cases above, by taking: 
r 1 1 i2/p 

^(^) = Tt(^«.- - e + -) , e G [mn,e, Mn,e]. 

la[p — 1) n J 

□ 

We came back to the problem ()3.15() and we notice that 

£ 1-^ ^£(0 is a nondecreasing function for < p < 1 

and 

£ — > -Fe(^) is a decreasing function for p > 1. 

Then, thanks to relations and (|3.18|) we can apply Lemma 12.41 and we obtain 
that the set {u^'^)e>o is bounded and monotone with respect to e, and consequently, 
there exists it" G L°°{Qt) such that 

y^n,e y u"- in Qt as e\0, if < p < 1 

and 

-u"''^ \ in Qt as e \ 0, if p > 1. 

Moreover, from relations and (|3.18|) . the hypotheses of Theorem V.7.2 in |2nj 
are satisfied and we deduce that the solutions u"'^ of 1)3. 15() verify: 

ll-u"'"!! 1+*,^, <C (3.33) 

(2) 

where 6 G (0, 1) and C are two positive constants which depend only on m, M, \\uq\\q 
and O. Thus, we deduce that for all n, the set {m"''^,0 < e < 1} is bounded in 

C~'^+^(Q^). Let be fn,e the function given by (|3.12|) . then, thanks to the regu- 
larity of Fe and to (TOHl) . the set {/„,£, < e < 1} is bounded in C^/'^^\Q^). Since 
^n,£ g C~'^^''((5r) is the solution of problem (|3.15)) . the hypotheses of Theorem 
IV.5.3 in 1201 on the regularity in Holder spaces of solutions for parabolic equations, 
are verified and therefore we get: 

moreover, there exists a constant C > 0, not depending on e G (0, 1), such that: 

\\u^''^\\qi+5/2,2+S ((^^ < Ci\\uQ\\fj2+S(Q-^ + !|/n,e|lc«/2,'5(Q7) < (3.34) 

Thus, the set {^^"'^0 < e < 1} is bounded in 0^+^/"^'"^+^ (Q^). Since for any < 
1/ <6 

^1+5/2,2+5 (g^) ^ C^+'^/^'^+-(Q^), 
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with compact embedding, we deduce that {u"''^,0 < e < 1} is a precompact set in 
(ji+u /2,2+i' ^Q^-^ a,nd it follows that, "to a subsequence" we have: 

^ n" in C^+'^/'^^'^+^i^) as e \ (3.35) 

On the other hand, for all ^ G M^: 

F,{i) ^ a\i\P as e \ 0, 

So, we can pass to the limit in H3.15() . as e \ 0, and we obtain that ti" G C^^'^^'^''^^'^ {Qt) 
is a solution of the following initial boundary value problem: 









-A 




dvP' 






= 


dv 


n"(0. 


x)- 



on r^, (3.36) 



Applying the Comparison Principle, [Theorem 1 in JH]], we get also that this solu- 
tion is unique in C'^''^{Qt)- 

Third step: "Estimates for n" ". 

The aim of the following proposition is to prove that {u'^)n satisfies also the estimates 
(|3.18|) . (|3.19|) and (|3.2()|) for e = 0, and is bounded in a Holder space. 

Proposition 3.2 The solution G C^+''/^'^+''(Qt) of problem i3.S6l) satisfies the 
following properties: 

m(0) + - < n"(t, x) < M(0) + -, (3.37) 
n n 

1 /2 

||V«"(t)||oo < {M{0)-m{0) + ^)-t-'2, for allte{0,T), (3.38) 



Vu"(t)i|oo < ( ""^^fa^l ^ ^\m{0) -m{0) + -)^/P -t'^/P, for allt€ {0,T). 



and, if p ^ 1 then: 

] 

ap\l — p\ J ^ ^ ' ^ ' ' n 

(3.39) 

Moreover, there exists 5 G (0, 1) sitc/i that, for all r G (0,T).- 

t/ie sequence (u")„ is hounded in C^+^/2'2+'^(Q^_t)- (3.40) 
(This hound depends only on T,Q,p,m(0) and M{0).) 
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Proof: Relations H3.37|) . (|3.38|) and H3.39|) are direct consequences of H3.18|) . H3.19|) . 
H3.20() and H3.35() . In order to prove (|3.4U|) we denote by /„ the function defined on 
Qt by: 

fn{t,x) = a\Vu^\P{t,x). 
Then G C^~*'2 '^"*"''((5t) is the solution of the following problem: 



r an" 



ovr 



Au" = fn in Qt, 

on r^, 



(3.41) 



_ SiO, •) = u[J in n. 
Consider r G (0,T). Thanks to relation (jHSHl), fn G L°°{Qt,t) and: 



ll/nl 



< 



2P/2 



(M(0) - m(0) + 2fr-P/^ V n G N 



(3.42) 



Consequently, the sequence {fn)n>o is uniformly bounded in L°°{Qt-^t)- 

In the sequel, we decompose the problem 1)3. 41() into two parts. 

On the one hand, we denote by the solution of the heat equation on Qr/a.T^ 



At;" = in Q,/3,T, 



on 



r/3,T, 

^ ?;"(r/3,x) ='u"(r/3,x) in 0. 



(3.43) 



Thanks to the regularity effect of the heat equation it follows that: 



v''eC^{Q2r/3,T) 



(3.44) 



(3.45) 



and from Lemma 12.61 and relations (|2.15|) and (|3.37jl . for all / G N and a G we 
have: 

Px^t^"lloo,Q,./3,T < C{T,n){M{0)+m{0) + l)r- 
Next, we denote by if" the solution of the problem: 

( dw'^ 

Aw" = fn{t,x) in Q^/3,r, 



on r^/3^r, 
^ w^'iT/S,-) =0 in 



(3.46) 



Taking into account 1)3. 35() . we have fn & C ^ '^^'^(Qt) and we deduce that w" G 
C71+-/2-2+-(q;^). Since /„ G L-(Q,/3,r), we have in particular /„ G L«(g,/3,r) 
for all q > 1. Thus, we can apply Theorem 7.20 in 21 , on the regularity of parabolic 
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solutions in L'^ spaces, and we get that, there exists a constant C > 0, independent 
on n, such that: 

\\Dlw^\WQr^r + llA^i'^II^.Q.,, < C|l/n|l,,Q.,, < ^jQ . ,^1'/^ ll/n ||oo,Q . • (3.47) 
Combining with (|m7|) we get: 

II + ||I?^t<;"||g,Q.,^ < C(M(0), m(0),p, r, T, J]). (3.48) 
Since = + w", from H3.45() and 1)3.48(1 we get on the one hand: 

llAn"|Ig,Q,,/3,^ + ||Z)^^"||,,Q,^/3^^ < C(M(0),m(0),p,g,r,T,f]). (3.49) 
On the other hand relations ()3.37|) and (|3.38j) yield: 

lk"||oo,Q,./3,T <Ci(^^(0)."^(0)) (3.50) 

and 

||^.n"||oo,Q2./3,T < C2(M(0),m(0),p,r). (3.51) 
So, combining (fnU]) . (1^30)) and we get: 

||'u"||^i,2(Q^ /3t) - C'(M(0),m(0),p,g,r,r,J]) for all n G N and g > 1. 

We choose q > N + 2, then, applying Lemma II. 3. 3 in [20] (on the embedding of 
Sobolev spaces into Holder spaces), we deduce that, for any (3 satisfying < (3 < 
1 — there exists a constant C > such that: 

Since the sequence {un)n is bounded in VFg^'^((52T/3,T)> '^^ deduce that (|Vu„|)„ is 
bounded in C^''^'^((52T/3,r)- Consequently the sequence (/„ = a|Vn„|^)„ is uni- 
formly bounded in C"^/^'^(<52t/3,t)> where 6 = 6{P,p). 

We came back to problems p.4ip . ()3.43p and ()3.46|) in Q2t/3,t- By reiterating the 
process above we get, thanks to Theorem IV. 5. 3 in |20j . that: 

i) G C^^^^'^''^'^^ {Q2t/3,t) ^-nd there exists a constant C > 0, independent on n 
such that: 

\\w^c^+s/2,2+s(Q^) < C\\fn\\cs/2,s(Q^^ < C{m{0),M{0),p,N,T,T,n). (3.52) 

ii) v"^ satisfies relation (|3.45() on Qt,t- 

Thus, recalling (PO^I) and (HTK^ we obtain that E c'1+<5/2,2+<5(^q^^^) j^j^j. 

< C(m(0),M(0),p,A^,r,T,J7), (3.53) 
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which ends the proof of Proposition 13.21 □ 

Four step: "Proof of the existence of solutions". 

On the one hand, thanks to the Comparison Principle, [Theorem 1 in ^H]]) and to 
relations (|3.1|) and (|3.37p the sequence is decreasing and uniformly bounded. 

Consequently, there exists u € L°°{Qt) such that: 

\ n in Qt. (3.54) 

On the other hand, by Proposition 13.21 we deduce that, for any r € (0,T), the 
sequence (ii")n>i is bounded in C^+^/^'^+'^((5r,r)- Since for all u G {0,6): 

^1+5/2,2+5 ^ ^l+./2,2+u^-Q^^ 

with compact embedding, "to a subsequence", we have: 

in C^+'^/^'^+^iO;;^) as n^oo. (3.55) 

Hence, u £ C^+''/2'^+''(Qr,T) and thanks to relations (|T3H) and we may let 

t ^ oo in the first and the second equation of problem (|3.36j) and we obtain that, 
for all r G (0, T), u satisfies: 

— Au = alVuF in QrT, 

— = on r^T- 

Moreover, passing to limits in (|3.38|) and 1)3. 39(1 . as n tends to c», we get and 
H1.7|l . The relations ()1.4() and (|1.5() are direct consequences of Lemma 12.41 
So, we have to identify the initial data //q- For t G (0, T), let denote by v{t) = 
S{t)fiQ and = S{t)uQ, where {S{t))t>o is the heat semigroup in L'^{Q),q > 1, 
for the homogeneous Neumann boundary value problem. Then, by the Comparison 
Principle [Lemma l2.4j . for n G N we have: 

< in Qt. 

Using (|3.54j) . we may let n — > oo in the above inequality and we obtain: 

V < u in Qt- (3.57) 

Since v G C{Qt), it follows that: 

fJ-oixo) = lim v{t,x) < liminf u(t,x), (3.58) 

for any xq G 11. Furthermore for n G N we have: 

u < u"" in Qt, 
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then: 

limsup u{t,x) < limsup u^{t, x) = Uq{xq). 

Since (no)„ is a decreasing sequence and converges to /xq we can pass to the hmits 
in the above inequahty and we get 

Umsup u{t,x) < ^q{xq). (3.59) 

{t,x)&QT 

Combining l|3.58jl . (|3.59jl and the fact that xq is anywhere in O we deduce that 
u G C(Qt) n C^+''/^'^+''(Qt-,t) is a classical solution of the problem (frTj) . Which 
end the existence proof of solutions of problem for a > 0. 

Fifth step: "Uniqueness of the solution". 

The uniqueness is a direct consequence of the following lemma: 

Lemma 3.3 Let a > Q, p > 1, Q. C. a bounded and convex open set with smooth 
boundary. Let hq G C(0) andu E C{Qt)(^C^~^'^^'^''^~^'^ {Qt,t) the solution of problem 
fTT)) found above. Consider wq S C(n) and w G C(^) n C^+''/'^'^+''(Q~^) a 
function satisfying: 

-^-Aw< a\Vw\P ( > a\Vw\P ) in Qt, 
|^<0(>0) on Ft, ^^'^O) 



w{0, ■) = Wo < fiQ {resp. wq > fiQ ) in 0. 



Then: 



w < u {resp. w > u ) in Qt- 

Proof: An analogous result for the whole space M.^ can be found in |17j [Lemma 7] 
and our proof follows the same arguments. 

We suppose first that is a bounded and convex open set which contains the origin 
and wq < HQ. 

Consider two real numbers e > and A > 0, and denote by z the function: 

z{t,x) = w{t,x) - u{t,x) - At'^ - e(l + |xp)^, (3.61) 
where q = min{l, i}. Then: 

z G C(Q^) n C^'2((0,r] X Ti) and z(0,x) < for all x e n. 

Thanks to Lemma 12.31 and to hypothesis ()3.6U() we have: 

dz , , dw , . du , . e ■ X ■ V ^ 

— it, x) = —{t, x) - —{t, x) - < on Tt. 3.62 

OU OU OV y^l -I- |x|2 
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We claim that 

z{t,x) < for all {t,x) G Qt, (3.63) 

Indeed, if z is positive anywhere in Qt then z has a positive maximum in {tQ,XQ) € 
(0,r] X Q since, if {to,xo) G (0, T] x we have: 

dz z{to,xo + Xv) - z{to,xo) 

— (to,a;o) = hm r > 0, 

ou A/0 A 

which contradicts relation ()3.62|l .The rest of the proof is standard and follows the 
same ideas as the proof of Lemma 7 in ^7j. So, it will be omitted. 

In the general case, when Q does not contain the origin it is enough to translate the 
problem on a domain which contains the origin, for example = ^ — xq where 
xq eil.. □ 

Remark 3.4 The result of Lemma \cl.cl\ is valid for a// a G M, a 7^ an so, for any 
solution u G C(Q^) n C^+^/^''^+^(Q^) of problem m]} . 

4 Proof of Theorem 11.31 

Let /? be a positive number satisfying: 

^>(^), 

and set: 

7 = iV(/3 + l) and rj = N{l3 + 1) - p. (4.2) 
Since /? satisfies (|4.1|) we have: 

r]>p+l (4.3) 

with this notations, we can state the following proposition which is the key argument 
in the proof of Theorem 11.31 



Proposition 4.1 Let ft C M be a bounded and convex domain with smooth bound- 
ary and Ho G C(0). Let denote by u the solution of problem whose existence 
was proved in Theorem M.iA Then: 

i) The application t i-^ (1 + t){M{t) — m{t))^ belongs to L^{{), +oo), 

ii) Denoting by y the function defined on [0, +oo) by: 

oo 

y{t)= [{s-t){M{s)-m{s)yds, 



t 
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then y G VF^'°°((0, +cx3)) and satisfies the following differential inequality: 

y'{t) + Cy{tr <0, VtG[0,+oo), (4.4) 
where the positive constant depends only on p, (3, N, fl, (M(0) — m(0)) and 

a = -l±^. (4.5) 
2 + r]-p ^ ^ 

Proof: The proof follows the same ideas as those of Lemma 3 in j7] and Lemma 12 
in [H]. Setting: 

T* =inf{t > 0; \Vu{t)\ = 0} 
then T* can be also defined by: 

T* = inf{t > 0; M{t) = m{t)} = mi{t > 0; y{t) = 0}. (4.6) 

First, if ^0 = c then u = c, which implies T* = and Proposition 14. II is achieved. 
We suppose that /io is not constant, consequently T* G (0, +oo]. Consider T G 
(0,T*) and t G [0, T). Integrating the first equation of problem on {t,T) x O, 
and using relations H1.2|) . (|1.4() and ()1.5() we get: 

T 

|a| / / \Vu{s,x)\Pdxds <\n\iM{t) -m{t)) 

J Jn 

t 

Recalhng 1)4. 2|) and (|4.3() we have: 7 = A^(/3 + 1) = r/ + p and we deduce that: 

iiv«(s)ii^<iiv^(s)r^.|iivn(.)nii. 

Combining these two last inequalities we get: 
T 



/ 



\Vu{s)U ■ l|V^x(s)||^d. < M(M(t) -m(t)) (4.7) 



We distinguish between the two cases below: 
(i) The case p 1. Thanks to relation (|1.7|) . for all s G {t,T) we have: 

||Vn(s)||^'' > Ci{s - t)'^/P{M{t) - m(f))-''/P, (4.^ 

where Ci is a positive constant which depends only on p > 0. 
Applying Lemma 12.21 we have: 

M{s) - m{s) < C72||Vn(s)||^ (4.c 
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And combining (jI77 |l . H4.8|l and we get: 

I - t)^/P(M(s) - m{s)yds < C3{M{t) - m{t)y/P for all t € [0,r], (4.10) 



where the constant C3 depends only on N, a,p, (3, rj and fi. 
We can pass to the limit in H4.1U() . as T y T* , and we obtain: 

[s - t)''/P(M(s) - m{s)y ds < C3{M{t) - m{t)y'P for all t e [0, T*) (4.11) 



Let fix (5 G (0,r*). Using ^i^,^;^,^^ and (111^]) we get: 



{I + s){M{s) - m{s)f ds = 

<5 T* 
(1 + s){M{s) - m{s)f ds+ /(I + s){M{s) - m{s)f ds 



5 

T* 



< (1 + 5)[S{M{0) - m(0))T + 5"'^/P J s''/p(M(s) - m{s)y ds] 

s 

< (1 + 6)[5{M{0) - m(0))^ + 6-'i/P J s''/p(M(s) - m(s))^ ds]. 



Once again, using (|1.4|) . (|1.5jl and (|4.11|) (which is, in particular, valid for t = 0), 
this last integral is finite. Consequently: 

t ^ (1 + t)(M(t) - m{t)y G L^((0, +00)). (4.12) 

And we deduce that the function y is well defined on [0, +00) and belongs to 
VF^'°°((0, +00)). Indeed, for t > 0, we have: 

+00 

y'{t) = - f {M{s)-m{s)y ds (4.13) 



and 

y"{t) = {M{t)-m{t)V. (4.14) 
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Using Holder inequality and H4.3|l we deduce that the function y verifies: 

oo 

= {j{s- t){M{s) - m{s)y ds^'^ 



T* 



< 



{s - ty/P{M{s) - m{s)y ds\ \ / (M(s) - m{s)y ds 



rj/p-l 



Combining this last inequality with (|4.1U|) we get: 

y{tf'^ < C ■ y"{tf'^{-y'{t)f'^-\ (4.15) 

which yields: 

y{tr < C ■ y"{t) ■ V t g [0, T*), (4.16) 

Taking into account the fact that y'{t) < 0, we can multiply (|4.16|) by {—y'{t)) and 
integrate over (t, T*). We get: 

y{t)'+^ <C-{-y'{t)f+'^-P, VtG[0,r*), 
and thanks to the definition of T* it follows that: 

y'{t) + ^y{t)^ <0, VtG[0,+cx)). 
Hence (|4.4|) holds for p ^ 1- 

{ii) The case p = 1. Instead of (jl.Tj) we can use this time H1.6|l . Thus, for all 
s G {t, T), we have: 

\\Vu{s)\U > C,{s - tyl\M{t) - m{t))-\ (4.17) 
Combining relations (|4.7j) . (|4.17j) and (|4.9j) we get: 

T 

j{s- tf'^{M{s) - m{s)y ds < C5{M{t) - m{t)y for all t G [0, T] (4.18) 

t 

where C5 is a positive constant which depends only on N, a,p, [3,7] and 17. 
Thanks to 1)4. 3(1 we have r] > 2. As previously, we fix G (0,T*), then, using (|1.4() . 
(fT3|l . and (FTRll we get: 



(l + s)(M(s) -m(s))^ds 
(5 



J{1 + s)(M(s) - m(s))^ + + s)(M(s) - m(s))' 
s 



ds 
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^From (|1.4|) . (|1.5|) and H4.18() . this last integral is finite. Consequently relation 
H4.12() is valid for p = 1, too. As in the first case we deduce that the function y 
is well defined on [0, +00) and belongs to W'^''^{{0, +00)), the first and the second 
derivatives being given by 1)4. 13() and 1)4. 14() . Since r] > 2, using Holder inequality 
we get this time: 



's-t){M{s)-m{s)y ds)'^/'^ 



T* 



< j{s- tf'^{M{s) - m{s)y dsj [ j {M{s) - m{s)y ds 
t t 
Taking into account (|1?TH)) . and (I^TTH) we deduce: 

y{ty'^ <C-y"{t){-y'{t)fl^-^ 

and by the same arguments as previously we get: 

y'{i) + T^yit) < for all t G [0, +00) 
which ends the proof of Proposition 14.11 as p = 1. 

Proof of Theorem II. 3t Let: 

00 

y{t)= l{s-t){M{s)-m{s)yds, tG[0,oo), 



r,/2-l 



(4.19) 



□ 



be the function defined in ProDosition l4.1l We have obtained that y G W'^'~^°^{{0, +00)) 
and there is a positive constant C depending only on p,P,N,il. and (Af(0) — m(0)) 
such that y satisfies the differential inequality 1)4.4(1 : 

y'{t) + Cy{ty < 0, for ah t G [0, +00), 

with Q given by (|4.5() and y{0) = J s{M{s) — m{s)y ds > 0. 



On the one hand if p G (0, 1) then a G (0, 1) and thanks to (|4.4|) and (|4.6() we get 
that T* < 00 and: 

y{t) = for t > T* 

Consequently, for p G (0,1), the extinction of the gradient in finite time of the 
solution to problem (|1.1() occurs. 

On the other hand, if p > 1 then a > 1 and thanks to (|4.4)) and from the fact that 
y is a positive function, we deduce that: 



^<-i for all tG(0,+oo). 



(4.20) 
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We distinguish between the two cases below: 

(i) The case p > 1. We have a > 1 and integrating H4.2(J() . over (0, t), t > 0, we 
obtain: 



or else: 



^ \ i/("-i) 



c 

(ii) The case p = 1. We have a = 1 and integrating (|4.2Uj) over (0,t), t > we get 
this time: 

logy(t) < logy(O) - — , 

or else: 

y{t)<y{0)e-i. 

Thus, we have obtained the decreasing rate for the function y, as t ^ oo. 
We claim that: 

lim M{t) - m{t) = 0, (4.21) 

t— >oo 

which implies that, for p > 1, the solution u of problem converges uniformly 

in J7 to a constant, as t ^ oo. 

To prove ()4.21|) we recall that, the function defined by: 

g{t) = (1 + t){M{t) - m{t)y' belongs to ^^(0, +oo). 

Since t t—i- {M{t) — m{t)) is a positive and decreasing function on [0, +oo), there 
exists a positive constant c such that: 

c= lim(M(t) -m{t)y. 

Then, c(l + t) < g{t), and it follows that the function t —i- c(l + t) belongs to 
L^{0, +oo), which is possible only if c = 0. So assertion H4.21() holds. Now, we want 
to find a decreasing rate for the application t i— > (M(i) — m{t)). Denote by / the 
decreasing rate of the function y: 



fit) = 

Then, for all t > we have: 



y(0)e c if p = 1, 



(4.22) 

^ ^ if p > 1. 



y(0)(l-«)+(£^ 



t 

j{s- t/2){M{s) - mis)r ds < y(t/2) < f{t/2). 

t/2 
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Since s i— > {M{s) — m(s)) is a decreasing function, we deduce that 



Mit)-mit)<(^y, Vt>0, 



t 

{M{t) - m{t)y j {s- t/2) ds < fit/2), V t > 0, 

t/2 

which impUes: 

/Rf(t/9.)\ ^ 

(4.23) 

where / is given by ()4.22|1 . This ends the proof of Theorem 11.31 □ 
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